We find an analytical solution to relativistic viscous hydrodynamics for a 1+1 dimensional Landau flow profile. We consider relativistic Navier-Stokes form of the dissipative hydrodynamic equation, for a non-conformal system with a constant speed of sound, and employ the obtained solution to fit rapidity spectrum of observed pions in √ sNN = 200, 17.3, 12.3, 8.76, 7.62, 6.27, 4.29, 3.83, 3 .28 and 2.63 GeV collision energies. We find that at the freeze-out hypersurface with improved Landau's freeze-out prescription, the viscous corrections do not affect the rapidity spectra. We demonstrate that the solutions of the non-conformal Landau flow lead to a better agreement with the experimental data compared to the conformal ideal Landau flow solution. We also extract speed of sound from fit to the rapidity spectra for various collision energies and find a monotonous decrease with decreasing collision energies. By ensuring that viscosity do not affect rapidity spectra, we argue that our calculations provides the cleanest and most accurate method of directly extracting the average value of speed of sound in relativistic heavy-ion collisions.
Introduction: Heavy ion collisions at relativistic energies offer the possibility to create strongly interacting hot and dense matter over extended region [1] [2] [3] . The spacetime evolution of this hot and dense matter, created at Relativistic Heavy ion Collider (RHIC) and the Large Hadron Collider (LHC), has been successfully modeled using relativistic dissipative hydrodynamic simulations [4] [5] [6] [7] [8] [9] [10] [11] [12] . However, the first hydrodynamic approach to describe nucleus-nucleus collisions was proposed by Landau in 1953 where he studied longitudinal expansion along the collision axis [13] . In his approach, Landau considered a non-dissipative expansion of the medium and obtained an approximate analytical solution of ideal hydrodynamic equations (commonly refered to as the Landau hydrodynamics) which led to Gaussian like rapidity distributions of produced particles [13] . Later a plateau like rapidity distribution was proposed in Hwa-Bjorken hydrodynamics which considered a boost-invariant framework [14, 15] . However, the boost-invariance symmetry was only applicable in the mid-rapidity region of ultra-relativistic heavy ion collisions. On the other hand, the transversemomentum (p T ) integrated yield over the whole rapidity region has an overall better agreement with the Gaussian structure suggested by Landau [16] [17] [18] [19] [20] [21] .
Several problems in high-energy heavy ion collisions, such as heavy quark propagation and the interaction of jets or quarkonia with the hot and dense matter, requires a realistic but simple description of the evolution of the produced medium. Successes of Landau hydrodynamics in explaining the total charged multiplicities, rapidity distribution and limiting fragmentation [16] [17] [18] [19] [20] [21] indicate that it can provide such a framework. Landau hydrodynamics is based on the assumption that the initial stages of relativistic heavy ion collisions experiences a fast lon-gitudinal expansion accompanied by a slower expansion in the transeverse plane. One can obtain analytical solution for the one-dimensional longitudinal expansion [13] which has been analyzed in great detail in the literature . After sufficiently large transverse expansion, i.e., when the magnitude of the transverse displacement becomes larger than the initial transverse dimension, the fluid element expands with a frozen rapidity. The final rapidity distribution of particles is then given by that at the freeze-out time which leads to good agreement with the experimental data [16] [17] [18] [19] [20] [21] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] .
Despite the fact that the gross features of many measured quantities are reproduced well, the Landau hydrodynamics can, at best, be considered a good first approximation. One can expect corrections and improvements based on physical considerations and the requirement to explain experimental data. The need to improve up on Landau's original rapidity distribution should not come as a surprise, as the original Landau distribution was intended to be qualitative. On the other hand a more quantitative approach in order to explain experimental results and hence extract additional information about the properties of the QCD matter formed in relativistic heavy ion collisions is desirable. One such important improvement to Landau hydrodynanics would be to include dissipation in the evolution which will provide a platform to analytically estimate the transport coefficient of the QCD matter by analyzing the rapidity spectra. While there has been attempts to improve the Landau model by including viscous corrections analytically [44] [45] [46] , the resultant solutions were not conclusive and/or did not show the correct trend towards explaining the observed experimental data.
In this letter, we consider the relativistic Navier-Stokes We also find that the value of speed of sound, obtained by fitting the experimental results, show monotonic decrease with decreasing collision energies. By ensuring that viscosity does not have any effect on the rapidity spectra, we argue that our analytical expressions provides the cleanest and most accurate method of directly extracting the average value of speed of sound of QCD medium produced in heavy-ion collisions. Viscous Landau flow : Hydrodynamic equations follow from the principle of conservation of energy and momentum of a continuous medium, which leads to vanishing of four-divergence of the energy-momentum tensor for a relativistic system. In absence of any conserved charges, the energy-momentum tensor of a relativistic fluid, with dissipative terms from Navier-Stokes theory, can be written as [47] 
where is the local energy density, P is the thermodynamic pressure, u µ is the fluid four-velocity and, η and ζ are the coefficients of shear and bulk viscosity, respectively. We also define a projection operator ∆ µν ≡ g µν − u µ u ν which is orthogonal to u µ , four-divergence of fluid velocity θ ≡ ∂ µ u µ and a derivative operator ∇ µ ≡ ∆ µν ∂ ν which is also orthogonal to u µ . We follow mostly minus metric convention, i.e., g µν = diag(1, −1, −1, −1). Using these definitions, the shear tensor can be written as
In this work, we shall use the non-conformal equation of state, P = c 2 s , where the speed of sound c 2 s will be assumed to be constant for simplicity.
Following the seminal work of Landau [13] , we consider the longitudinal dynamics in the collision of two identical nuclei moving along the z-direction. For longitudinal expansion, the hydrodynamic equation, ∂ µ T µν = 0, leads to [13, 21] ∂T 00 ∂t
where, we have used the notation (t, x, y, z) ≡ (x 0 , x 1 , x 2 , x 3 ) for co-ordinate labels. For one-dimensional expansion along z-axis, we introduce the longitudinal fluid rapidity, y, in terms of which we can represent the non-zero velocity fields u 0 = cosh y and u 3 = sinh y. In terms of the light-cone variables, t ± ≡ t ± z, Eq.
(2) can be written as
where c ± ≡ 1 ± c 2 s and ∇u ≡ ∂u 0 /∂t + ∂u 3 /∂z = e y ∂y/∂t + − e −y ∂y/∂t − is defined to simplify notations and ξ ≡ ζ + 4η/3. In this article, we solve the above set of differential equations for evolution of energy density assuming the flow profile to be given by ideal Landau hydrodynamics.
For a flow which is not boost-invariant, the fluid rapidity y is not the same as the space-time rapidity η s ≡ 1 2 ln(t + /t − ). The notion of Landau flow is based on the assumption that the difference between the fluid rapidity and space-time rapidity is small. Therefore one can express the fluid rapidity in terms of the space-time rapidity as [13] e 2y = f e 2ηs = f
where f is a slowly varying (logarithmic) function of t + and t − , of order unity, such that the derivatives of f and quadratic and higher-order terms in log f could be neglected. Keeping in mind that √ f + 1/ √ f 2, we find that ∇u = 1/ √ t + t − for the expansion profile given in above equation. We further introduce another change of variables, y ± ≡ ln (t ± /∆), where ∆ = 2R/γ is the longitudinally Lorentz contracted diameter of each colliding nuclei. In terms of these new variables, Landau obtained f = y + /y − for ideal hydrodynamic evolution, which is indeed a logarithmic function of t + and t − of order unity [13] . With this velocity profile, the solution for evolution of energy density in case of ideal hydrodynamics, i.e., ξ = 0, is given by
where 0 is related to the initial energy density. It is important to note that, in the conformal limit, we reproduce the original results of Landau [13, 21] In the following, we assume the flow profile to be given by ideal Landau hydrodynamics and find a solution for the evolution of energy density. Changing evolution variables to y ± , we see that Eq. (3) + Eq. (4) leads to
We can generate another linearly independent equation from Eq. 
It is important to note that for collision of two identical nuclei, the reflection symmetry about the transverse plane in the centre-of-mass frame must lead to evolution equations invariant under y + ↔ y − interchange. Therefore the hydrodynamic equations describing the evolution of the matter formed in these collisions should be even under parity transformation. Keeping in mind that we assume Landau flow profile, i.e., Eq. (5) with f = y + /y − , it is easy to see that the left hand side of Eq. (7) has even parity whereas that of Eq. (8) has odd parity. Therefore, the solution of Eq. (7) should lead to the evolution of energy density for viscous Landau flow in symmetric nucleus-nucleus collisions.
To make progress, we assume the ratio ξ/s to be a constant where s is the entropy density. While this is a valid assumption in conformal case, it is not be strictly true for a non-conformal system. Therefore, for the case of constant ξ/s, one can write ξ = α 1/(1+c 2 s ) = α 1/c+ , where α is a constant. Substituting in Eq. (7) and rearranging, we get
Using method of characteristics, we get,
The above equations can be solved analytically to obtain
where, F is an arbitrary function of the argument given in parenthesis and can be determined by comparing the above solution with the ideal solution given in Eq. (6), in the limit of vanishing viscosity, i.e., α = 0. We get 
where g(α) is an arbitrary function of α such that g(0) = 1. It is easy to see that the above form of energy density indeed satisfy Eq. (7) .
We note that while the above solution is formally similar to that obtained in Ref. [45] , there is still some leftover freedom in our solution given in Eq. (13) for the functional form of g(α). While this residual freedom may be fixed by considering the free-streaming limit, we find that the effect of α (i.e., viscosity) on rapidity spectra of produced particles is negligible when we consider a constant time freeze-out hypersurface, as demonstrated later. Fixing g(α) and finding the viscous effect on rapidity spectra by considering a constant temperature freeze-out hypersurface is left for future work. In the following, we will use Eq. (13) for calculating the rapidity spectra of produced hadrons in heavy-ion collisions.
Rapidity Distribution: Following Landau's arguments [13] , we assume that the one-dimensional solution is applicable until the expansion of the fluid element in the transverse direction is of the same order as the transverse dimension of the system. We find that if one considers the longitudinal and transeverse expansion independently, having a slower expansion with constant acceleration in the transverse direction [13, 21] , then the transverse expansion does not get any correction due to viscosity. Under this approximation the freeze-out time also remains the same as ideal case [21] . While there are many possible freeze-out conditions, the successes of Landau hydrodynamics suggests that Landau's freezeout criteria can be a good first approximation and the correction is likely to be small and scale with the Landau freeze-out proper time.
Following Wong's modified prescription [21] of Landau's freeze-out criteria [13] , we consider the transverse expansion using the non-conformal equation of state. In this case, one obtains a constant time freeze out hypersurface where the freeze out time is given by,
With the help of above expression rapidity variables at the freeze-out hypersurface takes the form
the beam rapidity with m p being mass of the proton [21] . Keeping in mind that the beam rapidity is the largest rapidity achievable by a fluid element, we see that the term proportional to α in Eq. (13) becomes negligible at freezeout and could be ignored in the first approximation. It is important to note that for ideal evolution, the ratio of entropy density to number density, s/n, is a conserved quantity. This is not expected to hold when one has dissipation in the system. On the other hand, we also observe that the entropy density does not get any direct correction from dissipative term in the relativistic Navier-Stokes equation, i.e., s ∼ 1/c+ and hence s/n is approximately conserved for viscous evolution. Moreover, in the present work, we saw that the viscous correction to energy density evolution can be ignored at freeze- out, and therefore the final expression for rapidity distribution turns out to be proportional to entropy density which is given by,
We see that by setting c 2 s = 1/3 in the above equation, the ideal rapidity spectrum for conformal system is recovered [13, 21] . We use the above expression of rapidity spectrum to fit the observed pion spectra in heavy-ion collision experiments at available centre-of-mass energies.
In Fig. 1 , we show rapidity spectrum of pions fitted using Eq. (15) for three representative collision energies, √ s N N = 200, 17.3 and 4.29 GeV (red solid curves) compared with the fit result using conformal solution of Landau hydrodynamics [21] (blue dashed curves) and the experimental results (black symbols). From the figure, we see that a better fit is obtained using the non-conformal solutions for these collision energies. We have also fitted the rapidity spectrum of pions for √ s N N = 12.3, 8.76, 7.62, 6.27, 3.83, 3.28 and 2.63 GeV and found that there is an overall better fit with solutions from non-conformal equation of state. In Fig. 2 , we show a plot of squared speed of sound, extracted by fitting the pion rapidity spectra using Eq. (15), over various collision energies (red solid line). We see that at √ s N N = 200 GeV, the fitted value of c 2 s is slightly larger than 1/3 which has also been observed in Refs. [51, 52] . On the other hand, with lower collision energies, we find a monotonic decrease in the extracted value of c 2 s , which is in contrast with the calculations of Ref. [51] where they obtained a minima in √ s N N dependence of c 2 s . This may be due to the fact that the rapidity distribution given in Eq. (15) which is used to fit the data and the expression of y b is different in the present work and in Ref. [51] , as explained below.
Based on our analysis of the rapidity spectra, we found that the width of the Gaussian profile is controlled by c 2 s and hence the equation of state of the medium. This is easy to see from Eq. (15) . For rapidities small compared to the beam rapidity, one can rewrite Eq. (15) to obtain the well known Gaussian rapidity distribution
Note that the variance of the Gaussian distribution obtained here from the analytical solution of non-conformal Landau hydrodynamics,
is different from those obtained previously by other authors [29, [51] [52] [53] [54] but agree in the conformal limit. Moreover, in these works, the authors have used y b = ln[ √ s N N /2m p ] following Landau's original description [13] whereas we have employed an improved prescription y b ≡ 1 2 ln[c + /(4c 2 S )] + y b following the arguments given in Ref. [21] . However, within error bars, we did not obtain a clear signature for minima in √ s N N dependence of c 2 s , even if we consider Landau's original prescription for y b along with Eq. (16) for the fit.
In Fig. 1 , we have also shown the fit result for rapidity spectrum using the Gaussian distribution given in Eq. (16) (green dashed-dotted curves). We observe that the fit is very close to that obtained by using Eq. (15) . Further, in Fig. 2 , we show a plot of squared speed of sound, extracted by fitting the pion rapidity spectra using Eq. (16) (green dashed-dotted line), over various collision energies (black dashed line). We see that the extracted value of c 2 s is lower for higher √ s N N but agree at lower collision energies. We found that using this Gaussian form, the fitted value of c 2 s obtained for √ s N N = 200 GeV matches with the conformal value of 1/3. We see that even in this case, a minima is not obtained in √ s N N dependence of c 2 s . While viscosity could have affected the width of the Gaussian distribution, we have argued above that the effect is negligible. Therefore we claim that, for lower collision energies, rapidity spectra will provide a testing ground for determination of the correct value of c 2 s and hence the equation of state. Our analytical expressions presented here will provide the platform to extract the average value of c 2 s of the QCD medium formed in heavy-ion collisions.
Summary: We have considered the relativistic Navier-Stokes equation for viscous evolution of the hot and dense matter formed in high energy heavy-ion collisions. We found analytical solution of the viscous evolution equation, for non-conformal system having constant speed of sound, with 1+1 dimensional Landau flow profile. We found that for constant time freeze-out scenario, the viscous effects do not effect the rapidity spectrum of the produced particles. We employed the obtained solution to fit rapidity spectrum of observed pions in √ s N N = 200, 17.3, 12.3, 8.76, 7.62, 6.27, 4.29, 3.83, 3.28 and 2.63 GeV collision energies. We showed that the obtained solutions of Landau flow with non-conformal equation of state leads to a better agreement with the experimental data compared to the conformal Landau flow solution.
We also showed that the value of speed of sound, obtained by fitting the experimental results, show a monotonic decrease with decreasing collision energy as opposed to previous predictions of a minima. The importance of the analysis performed here is its implications in directly extracting the value of c 2 s of QCD medium formed in heavy-ion collisions by analyzing the rapidity spectrum of produced particles. Although we have performed the present calculations at vanishing baryon density, we venture to claim that the rapidity spectra will provide a testing ground for determination of the correct equation of state. Looking forward, it is of course important to obtain the solution of relativistic hydrodynamics and perform the analysis of rapidity spectra in presence of finite baryon chemical potential. Unlike Landau's original prescription of constant time freeze-out hypersurface, which is also employed in the present work, one needs to consider a finite temperature freeze-out in order to accurately estimate the viscous corrections to rapidity spectra. We leave these problems for future work.
